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Abstract
We study and exactly solve the two-photon and k-photon Jaynes-Cummings models
by using a novelty algebraic method. This algebraic method is based on the Pauli matri-
ces realization and the tilting transformation of the SU(2) group and let us diagonalize
the Hamiltonian of these models by properly choosing the coherent state parameters of
the transformation. Finally, we explicitly obtain the energy spectrum and eigenfunc-
tions for each model.
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1 Introduction
In the study of quantum optics models, one of the fundamental theoretical paradigms is
the Jaynes-Cummings model [1–3]. This is the simplest and completely soluble quantum-
mechanical model and describes the interaction between a two-level atom and a quantized
field. The exact solution of this model has been found by using the rotating wave approxi-
mation (RWA) [4]. Under this approximation, the Hamiltonian terms that do not conserve
the number of excitations in the system are neglected, since this terms oscillate rapidly and
their contributions are very small except for very high intensity fields. These solutions within
this approximation yield quantum collapse and revival of atomic inversion [5], squeezing of
the radiation field [6], among other quantum effects. All these effects have been corroborated
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experimentally, as can be seen in references [7–9]. Moreover, the Dirac-Moshinsky oscillator
has been connected with the Jaynes-Cummings model in 1+1 and 2+1 dimensions by using
the usual creation and annihilation operators, as can be seen in references [10–15].
The Jaynes-Cummings model has also been the subject of many generalizations [16–19],
besides some of its generalization are still under study as shown in references [20–23]. To
study some of these generalizations several algebraic methods have been used, such as the
q-analog of the Holstein-Primakoff realization of the su(1, 1) Lie algebra to give solution of
the Deformed Jaynes-Cummings model [24].
The two-photon Jaynes-Cummings model was introduced to study the coupling between a
single atom and a single-mode cavity field, with the atom making two-photon transitions [25].
This model has attracted a lot of attention and has been studied interacting with the squeezed
vacuum [26], in a Kerr-like medium [27], among other works [28–31]. The multiphoton
generalization of this model was introduced shortly after the two-photon model by Sukumar
and Buck to study the atomic dynamics of such models interacting with coherent light [32].
In these works, the authors showed that these models exhibit periodic decay and revival of
atomic coherence. The k-photon Jaynes-Cummings model has been extensively studied, as
can be seen in references [33–37].
The aim of the present work is to obtain the energy spectrum and eigenfunctions of the
two-photon and k-photon Jaynes-Cummings models by using the tilting transformation and
a realization of the su(2) Lie algebra in terms of the Pauli matrices.
This work is organized as follows. In Section 2, we study the two-photon Jaynes-Cummings
model by means of the SU(2) tilting transformation. In this approach, we write the Hamil-
tonian in the interaction picture in terms of the Pauli matrices realization of the su(2) Lie
algebra. By choosing properly the coherent state parameters of the transformation, we di-
agonalize the interaction Hamiltonian and obtain the energy spectrum of this model. The
eigenfunctions are obtained by introducing a matrix form of the SU(2) displacement operator.
In Section 3, we proceed as in the previous Section to study the k-photon Jaynes-Cummings
model. Finally, we give some concluding remarks.
2 Exact solution of the two-photon Jaynes-Cummings
model
The Hamiltonian of two-photon Jaynes-Cummings model with rotating wave approximation
(RWA) is given by [36, 37]
Hˆ = ~ωaˆ†aˆ+
~ω0
2
σ0 + λ
(
σ+(aˆ)
2 + σ−(aˆ†)2
)
, (1)
where λ is the atom-cavity coupling constant, ω and ω0 are the frequencies of the atom and
cavity respectively, aˆ and aˆ† are the bosonic annihilation and creation operators that obey
the commutating relation [aˆ, aˆ†] = 1. σ0 and σ± are the Pauli matrices of the two-level
atom, which can be used to construct a realization of the su(2) Lie algebra (see equation
(65) of Appendix). With this realization, and adding and subtracting the term 2~ωJ0, the
Hamiltonian of two-photon Jaynes-Cummings can be expressed as
H = ~ω(aˆ†aˆ+ 2J0) + (~ω0 − 2~ω)J0 + λ
(
J+(aˆ)
2 + J−(aˆ+)2
)
. (2)
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Since the term aˆ†aˆ + 2J0 is diagonal and commutes with each of the other terms of the
Hamiltonian, we can work only with the interaction Hamiltonian HI
HˆI = (~ω0 − 2~ω)J0 + λ
(
J+(aˆ)
2 + J−(aˆ+)2
)
. (3)
By means of the SU(2) displacement operator D(ξ) = exp(ξJ+ − ξ∗J−) (see Appendix), we
apply the tilting transformation to the Schro¨dinger equation HˆIΨ = EIΨ to obtain [19,38–40]
D†(ξ)HˆID(ξ)D†(ξ)Ψ = EID†(ξ)Ψ,
Hˆ ′IΨ
′ = EIΨ′. (4)
Notice that in these expressions H ′I = D
†(ξ)HID(ξ) is the tilted interaction Hamiltonian and
Ψ′ its wave function. Thus, by using equations (61), (62) and (63) of Appendix, the tilted
Hamiltonian can be written as
Hˆ ′I =
[
(~ω0 − 2~ω) (2ǫ+ 1)− λξ
∗δ
|ξ| (aˆ)
2 − λξδ|ξ| (aˆ
†)2
]
J0
+
[
(~ω0 − 2~ω) δξ
2|ξ| + λ(ǫ+ 1)(aˆ)
2 +
λǫξ
ξ∗
(aˆ†)2
]
J+
+
[
(~ω0 − 2~ω) δξ
∗
2|ξ| +
λǫξ∗
ξ
(aˆ)2 + λ(ǫ+ 1)(aˆ†)2
]
J−. (5)
Therefore, the tilted interaction Hamiltonian H ′I can be written in the following matrix form
Hˆ ′I =
(
(~ω0
2
− ~ω)(2ǫ+ 1)− λξ∗δ(aˆ)2
2|ξ| − λξδ(aˆ
†)2
2|ξ|
(~ω0−2~ω)δξ
2|ξ| + λ(ǫ+ 1)(aˆ)
2 + λǫξ(aˆ
†)2
ξ∗
(~ω0−2~ω)δξ∗
2|ξ| +
λǫξ∗(aˆ)2
ξ
+ λ(ǫ+ 1)(aˆ†)2 (~ω − ~ω0
2
)(2ǫ+ 1) + λξ
∗δ(aˆ)2
2|ξ| +
λξδ(aˆ†)2
2|ξ|
)
.
(6)
In order to find the eigenvalues of this matrix Hamiltonian, we assume that the eigenvec-
tors of H ′I are of the form
φ′(1)n =
(
|ψ′(1)n 〉
0
)
, φ′(2)n′ =
(
0
|ψ′(2)n′ 〉
)
, (7)
where |ψ′(1)n 〉 and |ψ′(2)n′ 〉 are the states of the one-dimensional harmonic oscillator, E(1)I and
E
(2)
I are their corresponding eigenvalues, with E
(1)
I 6= E(2)I . For the eigenvector φ′(1)n we find
from the eigenvalues equation H ′Iφ
′(1)
n = E
(1)
I φ
′(1)
n[(
~ω0
2
− ~ω
)
(2ǫ+ 1)− λξ
∗δ
2|ξ| (aˆ)
2 − λξδ|2ξ|(aˆ
†)2
]
|ψ′n(1)〉 = E(1)I |ψ′(1)n 〉 (8)
[
(~ω0 − 2~ω) δξ
∗
2|ξ| +
λǫξ∗
ξ
(aˆ)2 + λ(ǫ+ 1)(aˆ†)2
]
|ψ′n(1)〉 = 0. (9)
The equation (9) is satisfied by choosing the coherent state parameters θ and ϕ as
θ = tan−1
(
2λ
√
aˆ2(aˆ†)2
~ω0 − 2~ω
)
, ϕ = i ln
[
(~ω0 − 2~ω)δ
λ(2ǫ+ 1)(aˆ†)2
]
. (10)
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By substituting these parameters into the matrix Hamiltonian of equation (6), we obtain for
φ′(1)n the following expression
1
2
(±√(~ω0 − 2~ω)2 + 4λaˆ2aˆ†2 0
0 ∓√(~ω0 − 2~ω)2 + 4λaˆ2aˆ†2
)(
|ψ′(1)n
0
)
= Eˆ
(1)
I
(
|ψ′(1)n 〉
0
)
.
(11)
Hence, the coherent state parameters of equation (10) diagonalize the interaction Hamiltonian
H ′I and the energy E
(1)
I for the spinor component |ψ′(1)n 〉 is given by
Eˆ
(1)
I |ψ′(1)n 〉 = ±
1
2
√
(~ω0 − 2~ω)2 + 4λaˆ2(aˆ†)2|ψ′(1)n 〉. (12)
Therefore, since the state |ψ′(1)n 〉 is a number state of one-dimensional harmonic oscillator,
the energy spectrum E
(1)
I (n) is found to be
E
(1)
I (n) = ±
1
2
√
(~ω0 − 2~ω)2 + 4λ(n+ 1)(n+ 2). (13)
It is necessary to mention that for this energy spectrum we have chosen a particular order for
the multiplication of the creation and annihilation operators, namely, anti-normal ordering.
Also, notice that the operator 1
(aˆ†)2
is the inverse operator of (aˆ†)2 in this ordering i.e.,
(aˆ†)2
1
(aˆ†)2
= 1. (14)
Analogously, if we apply the same procedure to the eigenvector φ′(2)n′ we find the equations[(
~ω − ~ω0
2
)
(2ǫ+ 1) +
λξ∗δ(aˆ)2
2|ξ| +
λξδ(aˆ†)2
2|ξ|
]
|ψ′(2)n′ 〉 = E(2)I |ψ′(2)n′ 〉, (15)
[
(~ω0 − 2~ω)δξ
2|ξ| + λ(ǫ+ 1)(aˆ)
2 +
λǫξ(aˆ†)2
ξ∗
]
|ψ′(2)n′ 〉 = 0, (16)
where equation (16) is again satisfied by choosing the same values of the coherent state
parameters θ and ϕ given in (10) and if n′ = n, as it is shown in equation (11). However,
these equations are also satisfied by choosing the value of these coherent state parameters as
θ′ = tan−1
(
2λ
√
(aˆ†)2aˆ2
~ω0 − 2~ω
)
, ϕ = i ln
[
(~ω0 − 2~ω)δ
λ(2ǫ+ 1)(aˆ†)2
]
, (17)
where the only difference between both solutions is that the product of the bosonic annihila-
tion and creation operators is exchanged in the value of the parameter θ. Therefore, since in
principle E
(1)
I 6= E(2)I , we have chosen a normal ordering for the multiplication of the creation
and annihilation operators, and 1
(aˆ†)2
as a operator such that
1
(aˆ†)2
(aˆ†)2 = 1− |0〉〈0| − |1〉〈1|. (18)
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By substituting of the coherent state parameters (17) into the matrix expression of the
Hamiltonian (6), the interaction Hamiltonian Hˆ ′I becomes a diagonal matrix given by
Hˆ ′I =
(±1
2
√
(~ω0 − 2~ω)2 + 4λaˆ†2aˆ2 0
0 ∓1
2
√
(~ω0 − 2~ω)2 + 4λaˆ†2aˆ2
)
. (19)
Therefore, from the equation of eigenvalues H ′Iφ
′(2)
n′ = E
(1)
I φ
′(2)
n′ we have the expression
Eˆ
(2)
I |ψ′(2)n′ 〉 = ∓
1
2
√
(~ω0 − 2~ω)2 + 4λ(aˆ†)2aˆ2|ψ′(2)n′ 〉. (20)
By using relationships (18) and (20), we find that the eigenvalue E
(2)
I is well defined only for
integer numbers in range of n′ ≥ 2 i.e.,
E
(2)
I (n
′) = ∓1
2
√
(~ω0 − 2~ω)2 + 4λn′(n′ − 1), n′ ≥ 2. (21)
Thus, we have shown that φ′(1)n and φ
′(2)
n′ are eigenvectors of the matrix Hamiltonian H
′
I if
we choose the coherent state parameters as in equations (10) and (17), with its respective
commutation order of the bosonic annihilation and creation operators. Moreover, we have
obtained the eigenvalues E
(1)
I and E
(2)
I for each of these eigenvectors.
On the other hand, if we impose that both eigenvalues E
(1)
I and E
(2)
I of the eigenvectors
φ′(1)n and φ
′(2)
n′ belong to the same solution, we can build the spinor Ψ
′ which is solution of
equation (4). This leads to the fact that the spinor components |ψ′(1)n 〉 and |ψ′(2)n′ 〉 satisfy the
relationship n′ ⇒ n+ 2. Therefore, the spinor Ψ′ for the matrix Hamiltonian H ′I is
Ψ′n =
(
|ψ′(1)n 〉
|ψ′(2)n+2〉
)
, n = 0, 1, 2, ... (22)
where the states |ψ′(1)n 〉 and |ψ′(2)n 〉 are the number states of the one-dimensional harmonic
oscillator.
The eigenfunctions Ψn of the two-photon Jaynes-Cummings model are obtained by ap-
plying the displacement operator D(ξ) to the spinor Ψ′n, Ψn = D(ξ)Ψ
′
n. In order to do this,
we can write the displacement operator D(ξ) = exp(ξJ+−ξ∗J−) in the following matrix form
D(ξ) = exp(ξσ+ − ξ∗σ−) = exp
[(
0 ξ
−ξ∗ 0
)]
. (23)
By expanding the exponential in Taylor series, the even and odd powers of the matrix
A =
(
0 ξ
−ξ∗ 0
)
(24)
may be written as
A2k+1 = (−1)k|ξ|2k
(
0 ξ
−ξ∗ 0
)
, A2k = (−1)k|ξ|2k
(
1 0
0 1
)
. (25)
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Thus, the displacement operator D(ξ) is given by
D(ξ) =
∞∑
k=0
(−1)k|ξ|2k
(2k + 1)!
(
0 ξ
−ξ∗ 0
)
+
∞∑
k=0
(−1)k|ξ|2k
(2k)!
(
1 0
0 1
)
, (26)
which can be expressed in terms of the Taylor series for sin(x) and cos(x) as
D(ξ) =
(
cos(|ξ|) ξ|ξ| sin(|ξ|)
− ξ∗|ξ| sin(|ξ|) cos(|ξ|)
)
. (27)
Now, by using the coherent state parameters (10) it is easy to find the following relationships
cos(|ξ|) = 1√
2
√
1 +
∆
EI
, sin(|ξ|) = 1√
2
√
1− ∆
EI
, (28)
ξ
|ξ| = −
√
(n+ 1)(n+ 2)
aˆ†2
,
ξ∗
|ξ| = −
aˆ†2√
(n+ 1)(n+ 2)
. (29)
Therefore, the SU(2) displacement operator D(ξ) can be expressed in matrix form as
D(ξ) =

 1√2
√
1 + ∆
EI
− 1√
2
√
1− ∆
EI
√
(n+1)(n+2)
(aˆ†)2
1√
2
√
1− ∆
EI
(aˆ†)2√
(n+1)(n+2)
1√
2
√
1 + ∆
EI

 , (30)
where ∆ = ~ω0 − 2~ω and EI is the energy eigenvalue of the spinor (22)
EI(n) = ±1
2
√
∆2 + 4λ(n+ 1)(n+ 2). (31)
It is easy to see that the action of the matrix displacement operator D(ξ) on Ψ′n transforms
its spinor components to
|ψ(1)n 〉 =
1√
2
(√
1 +
∆
EI
−
√
1− ∆
EI
)
|ψ′(1)n 〉, (32)
|ψ(2)n+2〉 =
1√
2
(√
1 +
∆
EI
+
√
1− ∆
EI
)
|ψ′(2)n+2〉. (33)
Hence, the normalized spinor of the Hamiltonian of the two-photon Jaynes-Cummings model
given by equation (1) is
Ψn =
( √
2EI√
EI+∆−
√
EI−∆ |ψ
(1)
n 〉√
2EI√
EI+∆+
√
EI−∆ |ψ
(2)
n+2〉
)
, n = 0, 1, 2, ... (34)
with its corresponding energy eigenvalues
En = ~ω(n+ 1)± 1
2
√
(~ω0 − 2~ω)2 + 4λ(n2 + 3n+ 2), n = 0, 1, 2, ... (35)
Therefore, we have obtained the eigenfunctions and energy spectrum of the two-photon
Jaynes-Cummings model by using the tilting transformation and the SU(2) realization of
the Pauli matrices. The energy spectrum of equation (35) coincides with the previously
obtained in reference [37] by means of the Bargmann-Segal representation.
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3 Exact solution of the k-photon Jaynes-Cummings model.
In this Section, we shall use the same formalism developed in Section 2 to obtain the gen-
eral solution of the k-photon Jaynes-Cummings model. In the rotating wave approximation
(RWA), the k-photon Jaynes-Cummings model is given by the expression [36, 37]
Hˆ = ~ωaˆ†aˆ+
~ω0
2
σ0 + λ
(
σ+(aˆ)
k + σ−(aˆ+)k
)
. (36)
Again, for convenience we shall focus on the Hamiltonian in the interaction picture
HˆI = (~ω0 − k~ω)J0 + λ
(
J+(aˆ)
k + J−(aˆ+)k
)
, (37)
where we have used the SU(2) realization of the Pauli matrices of equation (65). Now, we
apply the tilting transformation to the eigenvalue equation HˆIΨ = EIΨ in order to remove
the ladder operators J±
D†(ξ)
[
(~ω0 − k~ω)J0 + λ
(
J+(aˆ)
k + J−(aˆ†)k
)]
D(ξ)D†(ξ)Ψ = EID†(ξ)Ψ, (38)
where again D(ξ) is the SU(2) displacement operator and ξ = −1
2
θe−iϕ (see Appendix). If
we define the tilted Hamiltonian Hˆ ′I = D
†(ξ)HˆID(ξ) and the wave function Ψ′ = D†(ξ)Ψ,
this equation can be written as Hˆ ′IΨ
′ = EIΨ′. Therefore, from equations (61), (62) and (63)
of Appendix we find that the tilted Hamiltonian in the interaction picture results to be
Hˆ ′I =
[
(~ω0 − k~ω) (2ǫ+ 1)− λξ
∗δ
|ξ| (aˆ)
k − λξδ|ξ| (aˆ
†)k
]
J0
+
[
(~ω0 − k~ω) δξ
2|ξ| + λ(ǫ+ 1)(aˆ)
k +
λǫξ
ξ∗
(aˆ†)k
]
J+
+
[
(~ω0 − k~ω) δξ
∗
2|ξ| +
λǫξ∗
ξ
(aˆ)k + λ(ǫ+ 1)(aˆ†)k
]
J−. (39)
In this manner, the tilted interaction Hamiltonian can be written in the following matrix
form
Hˆ ′I =
(
(~ω0−k~ω)
2
(2ǫ+ 1)− λξ∗δ(aˆ)k
2|ξ| − λξδ(aˆ
†)k
2|ξ|
(~ω0−k~ω)δξ
2|ξ| + λ(ǫ+ 1)(aˆ)
k + λǫξ(aˆ
†)k
ξ∗
(~ω0−k~ω)δξ∗
2|ξ| +
λǫξ∗(aˆ)k
ξ
+ λ(ǫ+ 1)(aˆ†)k (k~ω−~ω0)
2
(2ǫ+ 1) + λξ
∗δ(aˆ)k
2|ξ| +
λξδ(aˆ†)k
2|ξ|
)
. (40)
If we consider the vectors φ′(1)n and φ
′(2)
n of equation (7) as eigenfunctions of this matrix,
we obtain for φ′(1)n the following equations[(
~ω0 − k~ω
2
)
(2ǫ+ 1)− λξ
∗δ
2|ξ| (aˆ)
k − λξδ|2ξ|(aˆ
†)k
]
|ψ′n(1)〉 = E(1)I |ψ′(1)n 〉 (41)[
(~ω0 − k~ω)δξ∗
2|ξ| +
λǫξ∗
ξ
(aˆ)k + λ(ǫ+ 1)(aˆ†)k
]
|ψ′n(1)〉 = 0, (42)
where E
(1)
I is the corresponding eigenvalue. If we choose the coherent state parameters θ and
ϕ as
θ = tan−1
(
2λ
√
aˆk(aˆ†)k
~ω0 − k~ω
)
, ϕ = i ln
[
(~ω0 − k~ω)δ
λ(2ǫ+ 1)(aˆ†)k
]
, (43)
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we obtain that the eigenvalue E
(1)
I is given by
Eˆ
(1)
I |ψ′(1)n 〉 = ±
1
2
√
(~ω0 − k~ω)2 + 4λaˆk(aˆ†)k|ψ′(1)n 〉. (44)
In this proceeding, we have considered an anti-normal ordering for the multiplication of
the creation and annihilation operators, and that the operator 1
(aˆ†)k
is the inverse operator of
(aˆ†)k. Therefore, since the eigenvalues of the operator aˆk(aˆ†)k are (n+k)!
n!
, the energy spectrum
E
(1)
I is
E
(1)
I = ±
1
2
√
(~ω0 − k~ω)2 + 4λ(n+ k)!
n!
, n = 0, 1, 2, ... (45)
For the vector φ′(2)n′ we can consider the coherent state parameters of equation (17), but
with the terms (aˆ†)k and aˆk instead of (aˆ†)2 and aˆ2. With these elections and a procedure
analogous to that made to φ′(1)n′ , we find that the energy spectrum E
(2)
I is given by
E
(2)
I = ±
1
2
√
(~ω0 − k~ω)2 + 4λ n
′!
(n′ − k)! , n
′ = k, k + 1, k + 2, ... (46)
With all these results, we are able to construct the eigenfunctions Ψ′ of the matrix Hamil-
tonian H ′I if we impose that spinor components |ψ′(1)n 〉 and |ψ′(2)n′ 〉 satisfy the relationship
n′ ⇒ n+ k. Therefore,
Ψ′j =
(
|ψ′(1)n 〉
|ψ′(2)n+k〉
)
, n = 0, 1, 2, ... (47)
where |ψ′(1)n 〉 and |ψ′(2)n 〉 are the number states of the one-dimensional harmonic oscillator.
The eigenfunctions Ψn are obtained from the relationship Ψn = D(ξ)Ψ
′
n where D(ξ) is
the displacement operator of equation (30). However, for this case ∆ = ~ω0− k~ω and EI is
the energy eigenvalue of the spinor of equation (47)
EI = ±1
2
√
(~ω0 − k~ω)2 + 4λ(n+ k)!
n!
, n = 0, 1, 2, ... (48)
Hence, the normalized spinor of the k-photon Jaynes-Cummings model of equation (36) is
given by
Ψj =
( √
2Ei√
EI+∆−
√
EI−∆ |ψ
(1)
n 〉√
2EI√
EI+∆+
√
EI−∆ |ψ
(2)
n+k〉
)
, n = 0, 1, 2, ... (49)
with its corresponding energy eigenvalues
En = ~ω
(2n+ k)
2
± 1
2
√
(~ω0 − k~ω)2 + 4λ(n+ k)!
n!
. n = 0, 1, 2, ... (50)
This energy spectrum of the k-photon Jaynes-Cummings model matches perfectly with that
presented in reference [37], obtained by means of the Bargmann-Segal representation. Also,
it is important to note that for k = 1, this energy spectrum is adequately reduced to that of
the Jaynes-Cummings model. If we set k = 2, this energy spectrum coincides with that of
equation (35), obtained in the previous Section.
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4 Concluding remarks
We have obtained the energy spectrum and eigenfunctions of the two-photon and k-photon
Jaynes-Cummings models. In order to get the exact solution of this problem, we diagonalized
the interaction Hamiltonian of these models by introducing a novelty algebraic method.
This matrix diagonalization was carried out by means of the SU(2) realization of the Pauli
matrices and the tilting transformation, which requires an adequate choice of coherent state
parameters. After the diagonalization, we were able to find the energy spectrum of these
quantum optic models by chossing a particular order for the multiplication of the creation and
annihilation operators. The importance of this SU(2) diagonalization lies in the fact that it is
no longer necessary to decouple the equations of the spinor components. The eigenfunctions
of each model were obtained by introducing a matrix form of the tilting operator, which in
this case is a 2× 2 matrix.
It is important to note that this problem can be also solved by using the su(1, 1) realization
of the creation and annihilation operators K0 =
1
2
(
a†a+ 1
2
)
, K+ =
1
2
a†
2
, K− = 12a
2 and the
tilting transformation of this group. However, in this alternative method it is necessary to
decouple first the differential equation of the component spinors, as can be seen in reference
[13].
5 Appendix.
5.1 SU(2) Perelomov number coherent states
The su(2) Lie algebra is spanned by the generators J+, J− and J0, which satisfy the commu-
tation relations [41]
[J0, J±] = ±J±, [J+, J−] = 2J0. (51)
The Casimir operator J2 in this representation is
J2 = J20 +
1
2
(J+J− + J−J+) . (52)
The action of these operators on the Dicke space states (angular momentum states)
{|j, µ〉,−j ≤ µ ≤ j} is
J+|j, µ〉 =
√
(j − µ)(j + µ+ 1)|j, µ+ 1〉, (53)
J−|j, µ〉 =
√
(j + µ)(j − µ+ 1)|j, µ− 1〉, (54)
J0|j, µ〉 = µ|j, µ〉. (55)
J2|j, µ〉 = j(j + 1)|j, µ〉. (56)
The displacement operator D(ξ) for this Lie algebra is
D(ξ) = exp(ξJ+ − ξ∗J−), (57)
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where ξ = −1
2
θe−iϕ. By means of Gaussian decomposition, the normal form of this operator
is given by
D(ξ) = exp(ζJ+) exp(ηJ0) exp(−ζ∗J−), (58)
where ζ = − tan(1
2
θ)e−iϕ and η = −2 ln cos |ξ| = ln(1 + |ζ |2).
The SU(2) Perelomov coherent states |ζ〉 = D(ξ)|j,−j〉 are given by [42, 43]
|ζ〉 =
j∑
µ=−j
√
(2j)!
(j + µ)!(j − µ)!(1 + |ζ |
2)−jζj+µ|j, µ〉, (59)
The SU(2) Perelomov number coherent state |ζ, j, µ〉 is defined as the action of the displace-
ment operator D(ξ) onto an arbitrary excited state |j, µ〉
|ζ, j, µ〉 =
j−µ+n∑
s=0
ζs
s!
µ+j∑
n=0
(−ζ∗)n
n!
eη(µ−n)
Γ(j − µ+ n + 1)
Γ(j + µ− n + 1)
×
[
Γ(j + µ+ 1)Γ(j + µ− n + s+ 1)
Γ(j − µ+ 1)Γ(j − µ+ n− s+ 1)
] 1
2
|j, µ− n+ s〉. (60)
The tilting transformation of the su(2) Lie algebra generators are computed by using of
the displacement operator D(ξ) are give by
D†(ξ)J+D(ξ) = − ξ
∗
|ξ|δJ0 + ǫ
(
J+ +
ξ∗
ξ
J−
)
+ J+, (61)
D†(ξ)J−D(ξ) = − ξ|ξ|δJ0 + ǫ
(
J− +
ξ
ξ∗
J+
)
+ J−, (62)
D†(ξ)J0D(ξ) = (2ǫ+ 1)J0 +
δξ
2|ξ|J+ +
δξ∗
2|ξ|J−, (63)
where δ = sin(2|ξ|) and ǫ = 1
2
[cos(2|ξ|)− 1].
A particular realization of the su(2) Lie algebra is given in terms of the Pauli matrices
σ0 =
(
1 0
0 −1
)
, σ+ =
(
0 1
0 0
)
, σ− =
(
0 0
1 0
)
. (64)
For this realization, the operators J0, J+ and J− are defined as
J0 =
σ0
2
, J+ = σ+, J− = σ−. (65)
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